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In a hazelnutshell

The MultiConfigurational Time-Dependent
Hartree method for Bosons (MCTDHB) is a
general and efficient way to solve the
many-body Schrödinger equation for many
interacting bosons

MCTDHB

is a method designed to simulate numerically exactly the dynamical
quantum behaviour of many interacting indistinguishable particles
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Let’s take it from the beginning...

Our task: describe what happens to an ensemble of bosons that are cooled
down close to absolute zero temperature T .
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Let’s take it from the beginning...

Why to bother at all?

Bosons at extremely low temperatures and densities are
known to form a Bose-Einstein condensate (BEC). This is
the state of matter where only one single-particle
quantum state is occupied and the particles in the gas are
coherent. This has been described as a new state of
matter which has been serving as a whole new laboratory
for novel physical ideas.

However

a T=0 dilute boson gas is not always a coherent and condensed gas! Beyond the
condensed-only picture rich and exciting many-body physics are waiting to be
discovered!
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Why many-body
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Why many-body

In two words, one distinguishes three many-body regimes in a
gas of ultracold bosons:

� Condensation

� Fragmentation

� Transition from condensation to fragmentation

We are interested in a theoretical tool that can accurately describe all of the above!
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Double well potential

In a simple case-study of the development of fragmentation in time, a barrier is raised in
the middle of a harmonic trap. The gas that is initially in a coherent and condensed
state, starts gradually to fragment. MCTDHB can describe this transition from
condensation to fragmentation: as you ramp up a barrier in the middle of a harmonic
potential the gas localizes at the left and right of it. The resulting state can be easily
found to be fragmented, with half particles sitting on the left and the other half on the
right of the barrier.
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Many-body Schrödinger equation

Surely, the fundamental and governing equation for the particles is the many-body
Schrödinger equation (SE):

ĤΨ = EΨ time independent

ĤΨ = i~
∂

∂t
Ψ time dependent

where Ψ = Ψ(r1, r2, . . . rN ; t)
and Ĥ =

∑
i [T̂i + V̂i ] +

∑
i,j Ŵij .

General analytic solution is imposible to obtain. Historically, various approaches
developed in the context of nuclear physics, electronic structure, quantum chemistry
(atomic and molecular clusters).
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For later convenience let us introduce the Hamiltonian in second quantization language:

Ĥ = ĥ + Ŵ

ĥ =
∑
i,j=1

hijb
†
i bj , Ŵ =

1

2

∑
i,j,k,l=1

Wijklb
†
i

with the one- and two-body matrix elements:

hij =

∫
φ∗i (~r)

[
− ~2

2m
∇2
~r + V (~r)

]
φj(~r)d~r

and

Wijkl =

∫ ∫
φ∗i (~r)φ∗j (~r ′)W (~r −~r ′)φk(~r)φl(~r

′)d~rd~r ′.
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The methods
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The quantum many-body thing

To describe the quantum problem of many interacting particles one needs to know (!)
the Hamiltonian Ĥ = Ĥ(~r1,~r2, . . . ,~rN ; t). Then calculate the corresponding Lagrangian L
and action S.

Key-method: variational principle!

Define an action

S =

∫
Ldt

and find conditions where S is minimized

δS

δU = 0⇒ conditions,

with respect to some variational parameter or function U .

The Schrödinger equation itself can be derived from such a variational procedure1!

1See for instance D. Derbes, Feynman’s derivation of the Schrödinger equation, Am. J. Phys. 64 7 (1996).
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Reduced Density Matrix and fragmentation

Define

ρ(1)(r , r ′) =

∫
Ψ∗(r , r2, r3, . . . , rN)Ψ(r ′, r2, r3, . . . , rN)dr2dr3 . . . drN

as the single-particle (first order) reduced density matrix (RDM), to extract information
from the N-body system in a simple way. This RDM can be expressed with the help of a
special set of functions φj , known as natural orbitals, as:

ρ(1)(r , r ′) =
∑
j

ρNOj φNO
j

∗
(r)φNO

j (r ′).

The real numbers ρNOi are the eigenvalues of the RDM and are called natural
occupations. Based on ρ(1) are the definitions of a condensed (or coherent) or
fragmented. Specifically:

� If ρNOκ is of order N then the state is condensed in the state φNO
κ

2

� If ρNOκ ,ρNOλ ,ρNOµ . . . are of order N then the state is fragmented3 in the states
φNO
κ , φNO

λ , φNO
µ .

Hence, the RDM gives information for a generic many-body state Ψ(r1, r2, . . . , rN).

2O. Penrose and L. Onsager, Bose-Einstein Condensation and Liquid Helium, Phys. Rev. 104, 576, (1956).
3P. Noziéres and D. Saint James, Particle vs. pair condensation in attractive Bose liquids. J. de Physique,

43, 1133 (1982).
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Many-body Schrödinger equation (SE)

� A numerical brute-force solution of the SE would require non-realistic computational
resources, even for the cases of systems of few particles (N > 4)

� Hence, approximate approaches are necessary. Most commonly,
I either an approximate Hamiltonian is used, in place of the full one or
I the possible solutions are restricted within some family of functions or ansätze.

The Bose-Hubbard (BH) model belongs to the former, while the Gross-Pitaevskii,
the Best-Mean-Field and the herein presented MCTDHB theories are instances of
the latter.

Attention

The choice of ansatz defines also the physics that will be captured with it!

Specifically, one can choose a relatively simple ansatz to express the solution of the
system. A clever choice should firstly reduce enough the complexity of the problem and
secondly adequately describe the physical system.
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MCTDHB Ansatz

The general ansatz that MCDTHB uses to describe the state of the system of N bosons
is:

|Ψ(t)〉 =
∑
j

Cj(t)|~nj ; t〉, (1)

where |Ψ(t)〉 and |~nj ; t〉 are (N+1)-variable functions. The Fock states |~nj ; t〉 are built
over a set {φk(t)}Mk=1 of M single-particle wavefunctions, also called orbitals.

|~nj ; t〉 = Ŝ [φ1(r1) . . . φ1(rn1 )φ2(rn1+1) . . . φ2(rn1+n2 ) . . . φM(rN)]

or

|~nj ; t〉 = |n1, n2, . . . , nM ; t〉 ≡
M∏
k=1

(
b†k (t)√

nk !

)nk

|vac〉,
∑
m

nm = N,

where i indexes all possible configurations |~nj ; t〉.

� The operator Ŝ is responsible for the bosonic
symmetrization of each product of orbitals φk

� The functions |~nj ; t〉 are also known as permanents,
due to their analogy to the Slater determinants

� We consider all possible configurations of distributing
N particles over M orbitals to build the expansion
|Ψ(t)〉 of Eq. 1
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Remark

The above procedure boils down to Configuration Interaction Expansion (‘exact
diagonalization’) if time-independent one-body basis φk is used.

Symbol convention

φk → orbitals (single-particle states)
|~nj〉 → permanents (many-body states)
|Ψ〉 → many-body expansion
also
ρjk = 〈Ψ|b†j bk |Ψ〉
ρijkl = 〈Ψ|b†i b†j bkbl |Ψ〉
ρNOk = k-th natural occupation
φNO
k = k-th natural orbital
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Many-body: Multi-configurational Hartree for Bosons

The action

S ≡ S[{Cj(t)}, {φk(r , t)}] =

∫
dt
(
〈Ψ|Ĥ − i∂t |Ψ〉 − L.m.

)
evaluated on our particular ansatz of Eq. (1) gives the quantity that needs to be
minimized. Here L.m. are the Lagrange multipliers, necessary to guarantee
orthonormality of the basis {φk(r , t)} at all times t.
The minimization of the action results in the MCTDHB equations of motion (e.o.m.).

� To determine the optimal state |Ψ〉 we need to find, for given N and M, both the

set of orbitals {φk(r , t)}Mk=1 and the expansion coefficients {Cj(t)}Np

j=1 such that the
action S takes on a minimum:
I vary S with respect to φk to determine orbital e.o.m.
I vary S with respect to Cj to determine coefficient e.o.m.

� The size of the vector C = {C1,C2 . . .CNp}T is Np =
(
N+M−1

N

)
, which is also the size

of the configuration space, i.e. total number of permanents in Eq. (1). For instance,
if M = 3 then Np ∼ N2, while if M = 4 then Np ∼ N3.
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Many-body: Multi Configurational Hartree for Bosons

The resulting MCTDHB equations of motion read:

i φ̇j = P̂

ĥφj + λ0

M∑
k,s,q,l

{ρ}−1
jk ρksqlφ

∗
sφlφq

 , j = 1, . . .M

H(t)C(t) = i
∂C(t)

∂t

where we have written ĥ = T̂ + V̂ the one-body Hamiltonian as the sum of the kinetic T̂ and potential V̂
energy operators and C the vector whose elements are the expansion coefficients. For the two-body interaction
a delta function is assumed here for simplicity, but generally it can be any operator. H is the matrix with
elements Hmn = 〈~nm|Ĥ|~nn〉. Also, P̂ = 1̂−

∑M
i |φi 〉〈φi | is a projection operators, λ0 is the interaction

strength. {ρ}−1
jk and ρksql are matrix elements of the first and second order RDMs.

The accuracy of the MCTDHB approach can be increased at will and for M →∞ the
solution becomes exact.
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Many-body: Multi Configurational Hartree for Bosons

� Derivation of two-orbital mean-field: Best mean-field for condensates, L.S.
Cederbaum, A.I. Streltsov, Phys. Lett. A, 318, 564, (2003).

� Derivation of time-dependent multi-orbital mean-field: Time-dependent multi-orbital
mean-field for fragmented BoseEinstein condensates, O. E. Alon, A. I. Streltsov, L.
S. Cederbaum, Phys. Lett. A 362, 453 (2007).

� Derivation of the time-independent multi-configurational Hartree for bosons
equations: General variational many-body theory with complete self-consistency for
trapped bosonic systems, A.I. Streltsov, O.E. Alon, and L.S. Cederbaum, Phys. Rev.
A 73, 063626 (2006).

� Derivation of the multi-configurational time-dependent Hartree for bosons equations:
Multiconfigurational time-dependent Hartree method for bosons: Many-body
dynamics of bosonic systems, O.E. Alon, A.I. Streltsov, and L.S. Cederbaum, Phys.
Rev. A 77, 033613 (2007).
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Many-body: Multi Configurational Hartree for Bosons

Hydrodynamicaly seen

MCTDHB describes a Bose gas as an inter-connected system of several superfluids whose
order-parameters and relative occupations (as well correlations) are time-dependent and
fully determined through the MCTDHB equations.

E.o.m.:

i φ̇j = P̂

ĥφj + λ0

M∑
k,s,q,l

{ρ}−1
jk ρksqlφ

∗
s φlφq


H

P
si

H(t)C(t) = i
∂C(t)

∂t

one set of nonlinear
(integro-differential)
equations for M
coupled superfluids φj

and
one set of linear
equations for their
populations

Since the matrix H depends on the orbitals φj and the elements
ρjk , ρksql depend on C these sets of equations are coupled!
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Many-body: Multi Configurational Hartree for Bosons

In principle

one needs infinitely many orbitals φ in order to have a complete set and an exact
representation of the many-body solution to the ansatz Ψ.

In practice

a finite number M of orbitals can be sufficient to solve the problem numerically exactly a

even in the case of time-dependent Hamiltonians.

aNumerically exact quantum dynamics of bosons with time-dependent interactions of harmonic
type, A. U. J. Lode, K. Sakmann, O. E. Alon, L. S. Cederbaum, and A. I. Streltsov, Phys. Rev. A
86, 063606 (2012).
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Recovery of the Gross-Pitaevskii (GP) equation

� The common time-dependent Gross-Pitaevskii (GP) equation is derived by assuming
the GP ansatz: a Mean-Field (MF) wavefunction with only one orbital.

� From MCTDHB, immediately, one recovers the GP equation as the limiting case
where M = 1.

� Then, |Ψ(t)〉 = |N, 0, 0, . . . ; t〉 =
∏N

i=1 φ(ri ; t).

� The orbital φ is determined through the GP equation:
(T̂ + V̂ + λ0(N − 1)|φ|2)φ = i~∂tφ.

o Thus, the N-body problem is effectively mapped to a 1-body non-linear problem!
Even though the GP theory has had tremendous success in various scenarios it is in
this sense the simplest and most limited approach!

Crucially

by breaking this restriction one can come across optimal solutions that are not necessarily
condensed; rich and interesting many-body physics, not seen in the GP theory, are
awaiting discovery!
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What MCTDHB is and what it is not!

� It is an approximation that can, however, converge to the exact many-variable
solution as much as desired.

� It is not one equation but many!

� It is not just an extension to the GP. It is fundamentally different, has a different
starting point and includes the GP as the special case where only one orbital is used.

� It is not exact diagonalization! It uses an adaptive, time-dependent basis that is
extremely efficient (a relatively small number of single-particle functions allows for
an effectively complete Fock space)4.

4See PRA 86, 063606 (2012)
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Advantages and disadvantages

MCTDHB is capable of describing fragmentation, correlations and fluctuations of the
ground and excited states and transitions between coherent and fragmented states. It has
been applied to various scenarios (see ‘Applications’ section) and predicted new
many-body phenomena. In ED (or CI) the basis is fixed, while in MCTDHB it is
time-adaptive. MCTDHB equations are solved purely numerically (R-MCTDHB and
Guantum).

+
X It can describe fragmentation, correlations and their time evolution

X In principle, it is not limited in accuracy

X It is highly efficient compared to other methods (for instance exact diagonalization)

X The numerical error is controlled

X The only known method to treat many-body dynamics reliably

−
x Its complexity (number of basis functions) increases with accuracy and it can be

therefore resource-intense

x It is not designed to attack problems with simultaneously very big nonlinear coupling
g and large particle number N
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Applications
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Illustrative examples

Fragmentation is found to emerge in diverse systems, especially in dynamical ones. In
many cases the fragmentation is symmetry-dictated, while in others coherence is lost in a
dynamical process.

� Enhanced tunneling and a novel equilibration phenomenenon found in a bosonic
Josephson Junction5

� Ground states of given angular symmetries in 2- and 3D are fragmented6

� Tunneling of initially coherent bosons to open space leads to fragmentation7

F Recently, a new kind of coreless fragmented vortices (aka ‘phantom’ vortices) has
been found to emerge in a sub-critically rotated 2D gas8

In an increasing variety of scenarios, fragmented states are found to play a crucial role,
especially when it comes to dynamics

5
Fragmented many-body states of definite angular momentum and stability of attractive three-dimensional condensates K. Sakmann, A.I. Streltsov,

O.E. Alon, and L.S. Cederbaum, Phys. Rev. Lett. 103, 220601 (2009).
6

Fragmented many-body states of definite angular momentum and stability of attractive three-dimensional condensates M.C. Tsatsos, A.I. Streltsov,
O.E. Alon, and L.S. Cederbaum, Phys. Rev. A 82, 033613 (2010).

7
How an interacting many-body system tunnels through a potential barrier to open space, A.U.J. Lode, A.I. Streltsov, K. Sakmann, O.E. Alon, and

L.S. Cederbaum, PNAS, 109, 13521 (2012)
8

Angular momentum in interacting many-body systems hides in phantom vortices, S. Weiner, M. C. Tsatsos, L. S. Cederbaum, A. U. J. Lode, arXiv:
1409.7670.
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Phantom vortices in off-resonant rotation

In a rotating gas of repulsive bosons, trapped in an anisotropic two-dimensional trap,
vortices are expected to appear.

� Within GP, the gas is one superfluid φ = Ae iS . When the
density goes to zero at some r = r0 and the phase of φ
has a 2π jump then the gas possesses a single vortex at
r0. Hence, one vortex in the orbital φ implies one vortex
in the density |φ|2.

� In a many-body picture each orbital has its own phase Sk .
Thus, there can be situations where some orbitals possess
vortices whereas others do not! These vortices are named
phantom vortices and might not be seen in the total
density (since their cores can be filled with the density of
the other orbitals).

� In such a case, one needs to examine correlation
functions to detect them.

27 / 38



Phantom vortices in off-resonant rotation

We solve the MCTDHB equations for a rotating slightly anisotropic 2D trapped BEC,
with a subcritical rotation frequency. Phantom vortices appear, even though conventional
vortices do not nucleate9. The phantom vortices live in the orbitals (panels b-e), are
stable in time and not seen in the density (panel a); they are hence fragmented objects
that can be detected in the correlation functions.

Occupations: ρ1(T ) = 40.8%, ρ2(T ) = 25%, ρ3(T ) = 20.8%, ρ4(T ) = 13.5%

9S.E. Weiner, M.C. Tsatsos, L.S. Cederbaum, A.U.J. Lode, Angular momentum in interacting many-body
systems hides in phantom vortices, arXiv: 1409.7670.
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Phantom vortices in off-resonant rotation

Phantom vortices leave their signature in the correlation functions8:

8S.E. Weiner, M.C. Tsatsos, L.S. Cederbaum, A.U.J. Lode, Angular momentum in interacting many-body
systems hides in phantom vortices, arXiv: 1409.7670.
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The Package
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Guantum and Recursive MCTDHB

Recursive MCTDHB (R-MCTDHB) is a powerful package that:

� is the latest numerical implementation to solve the MCTDHB equations of motion

� is MPI and OpenMP parallelized

� is open source, accessible to anyone and user friendly

� supplied with an extensive user manual

� welcoming graphical using interface Guantum

� straightforwardly sets up calculations for any trap geometry and number of
dimensions and utilizes various numerical integrators

� calculates the natural obritals (fragments) and plots images and videos of their time
evolution

� calculates 1st and 2nd order correlations

� automates and controls a big number of calculations in parameter scans

� produces videos of the dynamics

Package and documentation are freely available at ultracold.org!!!

31 / 38

http://ultracold.org/data/manual/Manual.html
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https://www.youtube.com/user/QuantumManyBody
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web: http://ultracold.org
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YouTube: quantum cinema
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Installation and use of R-MCTDHB made easy!

� Register at our webpage: ultracold.org.

� Obtain a password and download your R-MCTDHB copy.

� Install it in your machine with an automated installer. Only requirement is a
Linux-based computer with Fortran compiler and MPI (in most distributions
already pre-installed).

� With just one input file and a couple of binary files you are capable to run
many-body calculations in your machine! The computational time depends
on the complexity of the problem (number of orbitals M and number of
bosons N), but many calculations can be performed on single PCs.

� From the input file you can specify all the necessary parameters: particle
number, orbital number, dimensionality, interaction type (Harmonic, Delta,
Gaussian or customized time-dependent), interaction strength, orbital
integrators (Runge-Kutta, Adams-Bashforth-Moulton and more),
DVR-method (FFT collocation, sine, and more), the external harmonic trap
(free space, single trap, double-well, optical lattice, customized
time-dependent).

� For even easier and user-friendlier usage use Guantum, the graphical user
interface of R-MCTDHB.
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Guantum
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...time to pick it up
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Conclusions

� Fragmentation and loss of coherence appear in various real-life situations

� MCTDHB is a highly efficient and in principle exact theory to deal with these
beyond-mean-field situations

� The MCTDHB equations are dealt with the R-MCTDHB package

� R-MCTDHB: easy to install & play around; visit ultracold.org! and get involved!

� For fascinating many-body physics, see our youtube channel: Quantum Cinema!
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